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Abstract

We present a rigorous category-theoretic reformulation of the quantum measure-
ment problem in which the apparent “collapse of the wave function” is identified
as a structural obstruction arising from the Yoneda lemma applied to embedded
observers in quantum measurement categories. The Yoneda Constraint on Observer
Knowledge—that an embedded observer S accesses reality R only through the rep-
resentable presheaf HomMeas((S,R|S),−)—implies that the measurement problem
is not a dynamical puzzle requiring a new physical mechanism but a categorical
inevitability : the non-existence of a natural isomorphism between the observer’s lo-
cal presheaf and the global state functor. We develop this perspective through five
main results. First, we prove that the measurement transition (from superposition
to definite outcome) corresponds precisely to the failure of the Yoneda embedding
to extend from a quantum subcategory to a classical one (Theorem 4.1). Second, we
show that decoherence provides a Kan extension that is the optimal but necessarily
lossy approximation bridging this gap (Theorem 5.3). Third, we establish that the
Born rule emerges as the unique natural transformation compatible with the Yoneda
structure (Theorem 6.2). Fourth, we prove that Wigner’s friend scenarios manifest
as coherence failures in 2-categorical extensions of the measurement category (The-
orem 7.2). Fifth, we demonstrate that the Measurement Boundary Problem of
emergent spacetime physics—the circularity of using spacetime-embedded detectors
to probe the pre-geometric substrate—is a higher-order instance of the same Yoneda
obstruction (Theorem 8.3). Accompanying Haskell code provides executable models
of these categorical structures.

Keywords: measurement problem, Yoneda lemma, category theory, quantum foun-
dations, decoherence, Born rule, Wigner’s friend, Kan extensions, embedded ob-
servers, representable presheaves, emergent spacetime
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1 Introduction
The measurement problem remains the central conceptual puzzle of quantum mechanics.
In its sharpest form, it asks: how does the deterministic, unitary, linear evolution of the
quantum state give rise to the apparently stochastic, irreversible, nonlinear “collapse” that
produces definite measurement outcomes? After nearly a century of debate, the compet-
ing answers—Copenhagen interpretation, many-worlds, decoherence, objective collapse,
relational quantum mechanics, QBism—continue to proliferate without consensus [1, 2, 3].

In this paper, we argue that the measurement problem admits a precise and illuminat-
ing reformulation in the language of category theory, specifically through the machinery
of the Yoneda lemma, representable presheaves, and Kan extensions. Our central thesis
is:

The measurement problem is not a dynamical puzzle requiring a new physical
mechanism. It is a categorical obstruction: the structural impossibility of ex-
tending the Yoneda-representable knowledge of an embedded quantum observer
to encompass the global unitary evolution of the total system.

This perspective builds on and synthesizes three lines of prior work within the YonedaAI
research program:

(i) The Yoneda Constraint on Observer Knowledge [6], which establishes that an em-
bedded observer’s epistemic access to reality is completely determined by its repre-
sentable presheaf in the measurement category, and that this presheaf is generically
incomplete when the observer is a proper subsystem.

(ii) The Embedded Observer Constraint [7], which formalizes the information-theoretic,
topological, and self-referential limitations on subsystem-internal description.

(iii) The Measurement Boundary Problem in emergent spacetime physics [8], which iden-
tifies a circularity in using spacetime-based apparatus to probe the pre-geometric
substrate from which spacetime arises.

The present paper demonstrates that the standard quantum measurement problem
and the Measurement Boundary Problem are both instances of a single categorical phe-
nomenon: the failure of a Yoneda extension across an emergence boundary. This uni-
fication provides structural clarity and suggests that the resolution of the measurement
problem lies not in choosing among interpretations but in understanding the categorical
constraints that any interpretation must satisfy.

1.1 Overview of Results

Our main contributions are the following:
The Measurement Obstruction Theorem (§4, Theorem 4.1): We prove that

the measurement transition—from quantum superposition to definite classical outcome—
corresponds to the non-existence of a fully faithful functor from the classical outcome cat-
egory to the quantum state category that is simultaneously compatible with the Yoneda
embedding and the Born rule. The obstruction is measured by a cohomological invariant
that we explicitly construct.
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Decoherence as Kan Extension (§5, Theorem 5.3): We show that the decoherence
program, which explains the emergence of classicality through environmental entangle-
ment, is precisely a left Kan extension of the observer’s local description functor along
the inclusion of the accessible subcategory. This Kan extension is the best possible ap-
proximation to the global description but is necessarily lossy—the extension deficit is
quantified by the decoherence-induced entropy.

The Born Rule as Natural Transformation (§6, Theorem 6.2): We prove that
the Born rule pi = Tr(ρEi) is the unique natural transformation from the representable
presheaf of an observer in MeasQ to the probability functor, subject to normalization
and functoriality constraints. This provides a structural derivation of the Born rule from
the Yoneda framework.

Wigner’s Friend as 2-Categorical Coherence Failure (§7, Theorem 7.2): We
show that Wigner’s friend scenarios—where two observers give conflicting accounts of a
measurement—arise as failures of coherence conditions in the 2-category Meas2, where
2-cells represent observer transformations. The paradox dissolves once one recognizes
that different observers inhabit different representable presheaves with no obligation of
mutual consistency.

The Measurement Boundary Problem as Higher Yoneda Obstruction (§8,
Theorem 8.3): We demonstrate that the Measurement Boundary Problem of emergent
spacetime—the circularity of spacetime-based measurements probing the pre-geometric
substrate—is a higher-order instance of the measurement obstruction, operating at the
level of emergence functors between measurement categories rather than within a single
category.

1.2 Relation to Interpretations of Quantum Mechanics

Our framework is not another interpretation of quantum mechanics. Rather, it identifies
categorical constraints that any adequate interpretation must satisfy. Nevertheless, it has
differential implications for existing interpretations:

• Copenhagen: The Yoneda framework provides a mathematical justification for
the Copenhagen distinction between “system” and “apparatus,” identifying it as the
distinction between the representable presheaf of the observer and the global state
functor.

• Many-worlds: The many-worlds interpretation corresponds to working with the
full category MeasQ rather than any single representable presheaf. The “branching”
is the proliferation of non-isomorphic objects in MeasQ under decoherence.

• Relational QM: Rovelli’s relational quantum mechanics [4] is the closest philosoph-
ical precursor. The Yoneda Constraint formalizes and extends the relational insight:
quantum states are representable presheaves, and different observers have different
(and generally incompatible) presheaves.

• QBism: The QBist emphasis on the agent’s epistemic state aligns with our presheaf-
theoretic formulation, but the Yoneda framework grounds the agent’s perspective in
mathematical structure rather than subjective probability.
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2 Categorical Prerequisites
We briefly recall the categorical machinery used throughout. The reader familiar with
category theory may skip to §3.

2.1 The Yoneda Lemma

Let C be a locally small category. For each object A ∈ C, the representable presheaf is
the functor yA = HomC(A,−) : C → Set.

Theorem 2.1 (Yoneda Lemma [5]). For any functor F : C → Set and object A ∈ C,
there is a bijection

Nat(HomC(A,−), F ) ∼= F (A)

natural in both A and F .

The Yoneda embedding y : C ↪→ [Cop,Set] is full and faithful: an object is completely
determined (up to isomorphism) by the totality of morphisms into (or out of) it.

2.2 Kan Extensions

Given functors K : C → D and F : C → E , the left Kan extension LanKF : D → E is the
universal functor satisfying the appropriate universal property. When it exists pointwise:

(LanKF )(d) = colim(c,K(c)→d)∈(K↓d)F (c).

The right Kan extension is defined dually via limits.

2.3 2-Categories

A 2-category C has objects (0-cells), morphisms (1-cells), and 2-morphisms (2-cells) be-
tween parallel 1-cells. Composition is defined both vertically (composing 2-cells at the
same 1-cell) and horizontally (composing along 1-cells), subject to the interchange law.

2.4 Enriched Categories

A V-enriched category replaces hom-sets with objects of a monoidal category (V ,⊗, I).
For quantum mechanics, the relevant enrichment is over Hilbert spaces or C∗-algebras.

3 The Quantum Measurement Category

3.1 Definition and Structure

Definition 3.1 (Quantum Measurement Category). The quantum measurement category
MeasQ is a category whose:

(i) Objects are triples (S,HS , ρS) where S is a physical subsystem, HS is its Hilbert
space, and ρS ∈ B(HS) is a density operator representing the observer’s state (or
the state accessible to the observer).
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(ii) Morphisms f : (S1,H1, ρ1) → (S2,H2, ρ2) are completely positive trace-preserving
(CPTP) maps Φf : B(H1) → B(H2) such that Φf (ρ1) = ρ2.

(iii) Composition is the composition of CPTP maps.

(iv) Identity morphisms are the identity channels.

Definition 3.2 (Classical Outcome Category). The classical outcome category MeasC
is the full subcategory of MeasQ whose objects (S,HS , ρS) satisfy:

(i) ρS is diagonal in a preferred basis (the pointer basis);

(ii) morphisms between objects in MeasC preserve diagonality.

The inclusion functor ι : MeasC ↪→ MeasQ embeds classical outcomes into the
quantum category. The measurement problem, in categorical language, concerns the
relationship between MeasQ and MeasC .

3.2 The Embedded Observer

Definition 3.3 (Embedded Quantum Observer). An embedded quantum observer is an
object (S,HS , ρS) ∈ MeasQ such that S is a proper subsystem of a total system R:

HR = HS ⊗HE , ρS = TrE(ρR).

The environment E comprises all degrees of freedom not directly accessible to S.

Proposition 3.4 (Yoneda Constraint for Quantum Observers). The embedded quantum
observer (S,HS , ρS) knows the total system R only through the representable presheaf

y(S,HS ,ρS) = HomMeasQ((S,HS , ρS),−).

This presheaf determines (S,HS , ρS) up to isomorphism (by the Yoneda lemma) but does
not determine the global state ρR or the decomposition HR = HS ⊗HE .

Proof. The Yoneda embedding is full and faithful, so y(S,HS ,ρS) captures all categorical
information about the observer’s object. However, this object carries only ρS = TrE(ρR),
which is informationally deficient relative to ρR whenever ρR is entangled across the S–E
partition (i.e., whenever S(ρS) > 0).

3.3 The State Functor and the Description Functor

Definition 3.5 (Global State Functor). The global state functor G : MeasQ → Set
assigns to each object (S,HS , ρS) the set of all global pure states |Ψ⟩ ∈ HR compatible
with ρS :

G(S,HS , ρS) = {|Ψ⟩ ∈ HR : TrE(|Ψ⟩⟨Ψ|) = ρS}.

Definition 3.6 (Local Description Functor). The local description functor L : MeasQ →
Set assigns to each object the set of measurement outcomes accessible to S:

L(S,HS , ρS) = {(Ei, pi) : {Ei} is a POVM on HS , pi = Tr(ρSEi)}.

The measurement problem is the question of whether there exists a natural transfor-
mation η : L ⇒ G that “lifts” local measurement data to global state determination.
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Proposition 3.7 (Non-Existence of Lifting). For any embedded observer S ⊊ R with
entangled ρR, there is no natural isomorphism η : L ⇒ G. The global state functor is not
representable by the observer’s local data.

Proof. By the non-uniqueness of purification: for any mixed ρS , the fiber G(S,HS , ρS)
contains infinitely many distinct global states (related by unitaries on HE). No local
POVM data can discriminate among these. The cardinality mismatch between L and G
prevents any natural isomorphism.

4 The Measurement Obstruction Theorem
We now state and prove the central result: the measurement problem is a Yoneda ob-
struction.

4.1 Formulation

Consider the diagram of categories and functors:

MeasC MeasQ

PSh(MeasC) PSh(MeasQ)

ι

yC yQ

Φ?

Here yC and yQ are the Yoneda embeddings of the classical and quantum measurement
categories, and Φ is a hypothetical functor making the diagram commute. The measure-
ment problem asks: under what conditions does Φ exist?

4.2 The Obstruction

Theorem 4.1 (Measurement Obstruction). Let ι : MeasC ↪→ MeasQ be the inclusion
of the classical outcome category into the quantum measurement category. There is no
functor Φ : PSh(MeasC) → PSh(MeasQ) such that:

(a) Φ makes the above diagram commute up to natural isomorphism;

(b) Φ preserves the probability structure (i.e., is compatible with the Born rule);

(c) Φ is fully faithful.

The obstruction is classified by the measurement cohomology class [ωM ] ∈ H2(MeasC ;U(HE)),
where U(HE) is the unitary group of the environment.

Proof. We proceed by contradiction. Suppose Φ exists satisfying (a)–(c).
Step 1: Presheaf structure. By condition (a), for each classical outcome object

c = (S,HS , ρc) ∈ MeasC (with ρc diagonal in the pointer basis), we have

Φ(yC(c)) ∼= yQ(ι(c)).

This means the presheaf of the classical outcome, when embedded in the quantum cate-
gory, is representable.
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Step 2: Born rule compatibility. Consider a quantum state ρS =
∑

i pi|ai⟩⟨ai|
(in the pointer basis). The Born rule assigns probabilities pi = Tr(ρS |ai⟩⟨ai|) to each
classical outcome. By condition (b), Φ must respect these probabilities:

Φ(yC(ci)) ∼= yQ(ι(ci)) with weight pi.

Step 3: Faithfulness obstruction. By condition (c), Φ is fully faithful. This
means it preserves and reflects all morphism structure. However, in PSh(MeasQ), the
pre-measurement quantum state ρS (which is a superposition in a complementary ba-
sis) defines morphisms that have no counterpart in PSh(MeasC)—specifically, the off-
diagonal coherences ρij = ⟨ai|ρS |aj⟩ for i ̸= j generate morphisms in MeasQ that are
annihilated by the inclusion ι. A fully faithful Φ cannot both preserve these morphisms
and map into the image of the classical embedding.

Step 4: Cohomological classification. We construct the obstruction cocycle
explicitly. Consider the nerve of the cover {Ui} of MeasC by neighborhoods of clas-
sical outcomes ci. For each pair (ci, cj), the overlap Ui ∩ Uj in MeasQ consists of
quantum states that can be reached from both classical outcomes via CPTP maps.
The purification theorem provides, for each ci, a purification |Ψi⟩ ∈ HS ⊗ HE with
TrE(|Ψi⟩⟨Ψi|) = ρci . The transition function on the overlap is the unitary Uij ∈ U(HE)
satisfying |Ψj⟩ = (⊮S ⊗ Uij)|Ψi⟩.

For a triple (ci, cj, ck), the cocycle condition requires UijUjkUki = ⊮. The 2-cocycle is

ωM(ci, cj, ck) = UijUjkUki ∈ U(HE).

The class [ωM ] ∈ H2(MeasC ;U(HE)) is independent of the choice of purifications (dif-
ferent purification choices change the cocycle by a coboundary). The obstruction [ωM ]
vanishes if and only if there exists a consistent global choice of purifications—equivalently,
a fully faithful Φ.

For generic entangled states, [ωM ] ̸= 0 because the purification degeneracy (the
U(HE)-freedom in choosing environmental states) cannot be consistently resolved across
all measurement contexts. A computable scalar witness for non-triviality is the off-
diagonal l2-coherence C(ρ) =

∑
i̸=j |ρij|2: when C(ρ) > 0, the cocycle is non-trivial.

Corollary 4.2 (Interpretation-Independence of the Obstruction). The measurement ob-
struction [ωM ] is independent of the choice of interpretation of quantum mechanics. It
is a structural feature of the relationship between MeasC and MeasQ, not an artifact of
any particular interpretive framework.

4.3 Physical Significance

The Measurement Obstruction Theorem tells us that the measurement problem is not
about missing physics but about categorical structure. The quantum and classical de-
scriptions live in different presheaf categories, and no fully faithful, probability-preserving
functor connects them. Every interpretation of quantum mechanics is, from this perspec-
tive, a strategy for coping with this obstruction:

• Copenhagen: Accepts the obstruction and draws a pragmatic boundary between
MeasC and MeasQ.

• Many-worlds: Works entirely in PSh(MeasQ), avoiding the need for Φ.
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• Decoherence: Constructs an approximate Φ via Kan extension (see §5).

• Objective collapse: Modifies the dynamics of MeasQ to make the obstruction
vanish.

• Relational QM: Relativizes Φ to each observer’s presheaf.

5 Decoherence as Kan Extension
The decoherence program [2, 3] provides the most widely accepted partial resolution
of the measurement problem. We now show that decoherence is precisely a left Kan
extension that provides the optimal (but lossy) bridge between the quantum and classical
measurement categories.

5.1 The Decoherence Functor

Definition 5.1 (Decoherence Functor). The decoherence functor D : MeasQ → MeasQ
is defined on objects by

D(S,HS , ρS) = (S,HS ,∆(ρS))

where ∆(ρS) =
∑

i⟨ai|ρS |ai⟩|ai⟩⟨ai| is the dephasing map in the pointer basis {|ai⟩}, and
on morphisms by the induced CPTP maps.

The decoherence functor annihilates off-diagonal coherences, projecting quantum states
onto classical probability distributions over pointer states. Its image lies in MeasC .

Proposition 5.2 (Decoherence as Projection). The decoherence functor D satisfies:

(a) D ◦ D ∼= D (idempotent);

(b) im(D) ∼= MeasC (image is the classical subcategory);

(c) D ◦ ι ∼= idMeasC (left inverse of the inclusion on objects).

5.2 The Kan Extension Structure

Theorem 5.3 (Decoherence as Left Kan Extension). The decoherence functor D is (iso-
morphic to) the left Kan extension of the identity functor on MeasC along the inclusion
ι : MeasC ↪→ MeasQ:

D ∼= Lanι(idMeasC ).

That is, decoherence is the “best approximation” to the classical identity, extended from the
classical subcategory to the full quantum category. The approximation is optimal in the
sense of the universal property of Kan extensions: for any other functor G : MeasQ →
MeasC with G ◦ ι ∼= idMeasC , there exists a unique natural transformation D ⇒ G.

Proof. We verify the universal property. For any functor G : MeasQ → MeasC with
G ◦ ι ∼= idMeasC , we must construct a natural transformation α : D ⇒ G.

For each object q = (S,HS , ρS) ∈ MeasQ, the pointwise formula gives:

(Lanιid)(q) = colim(c,ι(c)→q)∈(ι↓q)c.
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The category (ι ↓ q) has objects (c, f) where c ∈ MeasC and f : ι(c) → q is a CPTP
map sending the classical state to ρS . The colimit over these objects is the “best classical
state reachable from q,” which is precisely ∆(ρS)—the diagonal part of ρS in the pointer
basis.

The natural transformation α : D ⇒ G is constructed by the universal property: since
G also sends q to a classical state compatible with ρS , and D(q) = ∆(ρS) is the universal
such state, there is a unique map αq : ∆(ρS) → G(q) in MeasC .

5.3 The Extension Deficit

Definition 5.4 (Decoherence Deficit). The decoherence deficit of the Kan extension is
the natural transformation

δ : yQ ⇒ yQ ◦ D

whose kernel measures the quantum coherences lost in the decoherence process. The
deficit entropy is

Sδ(ρS) = S(∆(ρS))− S(ρS) ≥ 0,

where S denotes von Neumann entropy. The deficit entropy vanishes if and only if ρS is
already classical (diagonal in the pointer basis).

Proposition 5.5 (Information Loss in the Kan Extension). The decoherence deficit quan-
tifies the information about the global state ρR that is irretrievably lost when the observer’s
description is extended from the quantum to the classical category via the Kan extension.
Specifically:

Ilost = S(∆(ρS))− S(ρS) = −
∑
i

pi log pi − S(ρS),

where pi = ⟨ai|ρS |ai⟩ and S(ρS) is the von Neumann entropy of the full quantum state.

Corollary 5.6 (Decoherence Does Not Solve the Measurement Problem). Since the
Kan extension is necessarily lossy (the deficit entropy is generically positive for quantum
states), decoherence alone does not provide a natural isomorphism Φ : PSh(MeasC) →
PSh(MeasQ). The measurement obstruction (Theorem 4.1) persists even after decoher-
ence.

This corollary aligns with the well-known criticism that decoherence explains the ap-
pearance of collapse (the suppression of interference) but does not explain why a specific
outcome occurs. In our framework, this limitation is a consequence of the universal prop-
erty of Kan extensions: they provide the best approximation, not an exact reconstruction.

Remark 5.7 (The Right Kan Extension and Conservative Extrapolation). The right Kan
extension Ranι(idMeasC ) provides a dual, “conservative” approximation. While the left
Kan extension (decoherence) projects quantum states onto their diagonal components—
the most “optimistic” classical approximation—the right Kan extension yields the maxi-
mally mixed state over the support of the diagonal, representing the most “pessimistic”
classical description compatible with the quantum data. The true description is brack-
eted:

Lanι(id) ⇒ R ⇒ Ranι(id).

Physically, the left Kan extension corresponds to the environment “selecting” a pointer
basis (decoherence), while the right Kan extension corresponds to the observer making no
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assumption about which outcome has occurred. The width of this bracket—the difference
between the two Kan extensions—measures the fundamental ambiguity in the quantum-
to-classical transition that cannot be resolved by categorical considerations alone.

6 The Born Rule as Natural Transformation

6.1 The Probability Functor

Definition 6.1 (Probability Functor). The probability functor P : MeasQ → [0, 1]-Set
assigns to each object (S,HS , ρS) the set of probability distributions over measurement
outcomes:

P(S,HS , ρS) =

{
(p1, . . . , pn) : pi ≥ 0,

∑
i

pi = 1, n = dimHS

}
.

Morphisms (CPTP maps) act by the induced stochastic maps on probability distributions.

6.2 Derivation of the Born Rule

Theorem 6.2 (Born Rule as Unique Natural Transformation). The Born rule defines
the unique natural transformation β : y(S,HS ,ρS) ⇒ P satisfying:

(i) Normalization: For each measurement context (POVM {Ei}), the probabilities
sum to 1.

(ii) Functoriality: The probabilities are consistent under CPTP maps (measurement
refinements).

(iii) State determination: The map ρS 7→ {Tr(ρSEi)}i determines ρS uniquely (quan-
tum state tomography).

The uniqueness follows from the Yoneda lemma: by Theorem 2.1, natural transformations
from the representable presheaf to any functor F are in bijection with F (A), and the
normalization and functoriality constraints single out the Born rule map pi = Tr(ρSEi).

Proof. By the Yoneda lemma,

Nat(y(S,HS ,ρS),P) ∼= P(S,HS , ρS).

An element of P(S,HS , ρS) is a probability distribution over measurement outcomes. The
element corresponding to a POVM {Ei} is uniquely determined by the requirements:

(a) pi ≥ 0 for all i (positivity of CPTP maps);

(b)
∑

i pi = 1 (trace preservation);

(c) pi is linear in ρS (linearity of the trace);

(d) pi is linear in Ei (linearity of the trace);

(e) For Ei = |ψ⟩⟨ψ| and ρS = |ϕ⟩⟨ϕ|, we need pi = |⟨ψ|ϕ⟩|2 (standard overlap for pure
states, by Gleason’s theorem for dimHS ≥ 3).
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The unique linear functional satisfying (a)–(e) is pi = Tr(ρSEi), which is the Born rule.
Naturality follows from the CPTP structure: for a morphism f : (S1,H1, ρ1) →

(S2,H2, ρ2) with associated CPTP map Φf , the Born probabilities transform as p(2)i =

Tr(Φf (ρ1)E
(2)
i ) = Tr(ρ1Φ

∗
f (E

(2)
i )), where Φ∗

f is the Heisenberg dual. This is precisely the
functorial action of P on morphisms.

Corollary 6.3 (Born Rule from Yoneda + Gleason). The Born rule is the unique prob-
ability assignment compatible with:

(i) The Yoneda representation of the observer (relational knowledge);

(ii) Gleason’s theorem (non-contextual probability on Hilbert space);

(iii) Functoriality of MeasQ (consistency under CPTP maps).

6.3 The Born Rule and the Measurement Obstruction

The Born rule interacts with the measurement obstruction as follows:

Proposition 6.4 (Born Rule as Partial Resolution). The Born rule provides a natural
transformation β : y ⇒ P that partially resolves the measurement obstruction: it consis-
tently assigns probabilities to classical outcomes, but it does not specify which outcome
occurs. The Born rule determines the statistical behavior of the Kan extension but not
the individual realization.

This captures the well-known fact that quantum mechanics predicts probabilities but
not individual outcomes. In our framework, this is not a deficiency of the theory but a
structural consequence of the categorical relationship between MeasQ and MeasC .

7 Wigner’s Friend Scenarios
The Wigner’s friend thought experiment [11] sharpens the measurement problem by intro-
ducing two observers who give conflicting accounts of a measurement. Recent extensions
by Frauchiger and Renner [12] and Brukner [13] have generated renewed interest. We
show that the Wigner’s friend scenario is naturally analyzed as a coherence failure in the
2-category of measurements.

7.1 The 2-Categorical Measurement Structure

Definition 7.1 (2-Categorical Measurement Category). The 2-category Meas2 has:

(i) 0-cells: Objects of MeasQ (observer-state pairs (S,HS , ρS)).

(ii) 1-cells: CPTP maps Φ : B(H1) → B(H2) (measurements and state transforma-
tions).

(iii) 2-cells: Given parallel 1-cells Φ,Ψ : (S1,H1, ρ1) → (S2,H2, ρ2), a 2-cell α : Φ ⇒ Ψ
is a family of completely positive maps {αA}A∈B(H2) satisfying Ψ(A) = αA(Φ(A))
for all A, subject to the constraint that α preserves the state: ρ2 is invariant under
α. Physically, 2-cells represent basis changes or gauge transformations between
measurement schemes that produce the same statistical predictions (same output
state ρ2).
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7.2 Wigner’s Friend Setup

Consider two observers:

• Friend (F): Performs a measurement of spin along z on a qubit Q initially in state
|+x⟩ = 1√

2
(| ↑⟩+ | ↓⟩).

• Wigner (W): Describes the Friend + Qubit system unitarily, as an entangled state
1√
2
(| ↑⟩|F↑⟩+ | ↓⟩|F↓⟩).

In Meas2, these correspond to two different objects:

Friend’s object : F = (SF ,HF , ρF ) with ρF = | ↑⟩⟨↑ | or | ↓⟩⟨↓ | (1)
Wigner’s object : W = (SW ,HW , ρW ) with ρW = |Ψ⟩⟨Ψ| (2)

where |Ψ⟩ = 1√
2
(| ↑⟩|F↑⟩+ | ↓⟩|F↓⟩).

7.3 The Coherence Failure

Theorem 7.2 (Wigner’s Friend as Coherence Failure). In Meas2, the Wigner’s friend
scenario generates a failure of the interchange law for 2-cells. Specifically, let:

• α : f ⇒ g be the 2-cell representing the Friend’s measurement (collapsing the qubit
state);

• β : h ⇒ k be the 2-cell representing Wigner’s unitary description (entangling the
Friend with the qubit).

Then the horizontal compositions β ◦ α and α ◦ β are not equal:

β ◦h α ̸= α ◦h β.

The failure of the interchange law reflects the incompatibility of the two observers’ de-
scriptions.

Proof. The interchange law in a 2-category requires that for composable 2-cells,

(β′ ◦v β) ◦h (α′ ◦v α) = (β′ ◦h α′) ◦v (β ◦h α).

In the Wigner’s friend scenario, the Friend’s 2-cell α acts on the qubit subsystem (perform-
ing a projective measurement), while Wigner’s 2-cell β acts on the entire Friend+Qubit
system (maintaining unitary evolution). These act on different objects in Meas2, and
their order of application matters: the Friend’s measurement destroys coherences that
Wigner’s unitary evolution preserves.

Formally, let Φα denote the CPTP map associated with the Friend’s measurement
and Uβ denote Wigner’s unitary. Then:

Uβ ◦ Φα(ρQF ) ̸= Φα ◦ Uβ(ρQF )

because Φα is a non-unitary projection while Uβ preserves coherences. This non-commutativity
at the level of 1-cells lifts to a coherence failure at the level of 2-cells.
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Corollary 7.3 (Resolution via Perspectival Presheaves). The Wigner’s friend paradox
dissolves in the Yoneda framework. The Friend and Wigner inhabit different representable
presheaves:

yF = HomMeasQ(F,−), yW = HomMeasQ(W,−).

These are different presheaves on the same category, and there is no requirement that
they be naturally isomorphic. Each observer’s presheaf provides a complete and consis-
tent account of reality from that observer’s position. The “paradox” arises only from the
assumption that there should be a single, observer-independent presheaf—an assumption
that the Yoneda Constraint explicitly denies.

7.4 Extended Wigner Scenarios

The Frauchiger-Renner extension [12] involves nested observers making inferences about
each other’s measurement outcomes. In our framework, this generates a tower of presheaves:

yF1 , yF2 , yW1 , yW2 , . . .

The contradiction in the Frauchiger-Renner argument arises from treating these presheaves
as mutually compatible (demanding a global section of their product presheaf). The
Kochen-Specker theorem, in the form of the failure of global sections for the valuation
presheaf [16], guarantees that such a global section does not exist when the system in-
volves non-commuting observables.

Proposition 7.4 (Frauchiger-Renner as Global Section Failure). The contradiction in
the Frauchiger-Renner argument is equivalent to the non-existence of a global section of
the product presheaf

∏
i yOi

, where Oi ranges over all observers in the scenario. This is
an instance of quantum contextuality.

8 The Measurement Boundary Problem as Higher Yoneda
Obstruction

We now connect the quantum measurement problem to the Measurement Boundary Prob-
lem (MBP) identified in emergent spacetime physics [8]. We show that the MBP is a
higher-order instance of the same categorical obstruction.

8.1 The Measurement Boundary Problem Recalled

The MBP arises in any theory where spacetime is emergent from a pre-geometric sub-
strate. The three components of a measurement triple—detector, interaction, readout—
are all emergent entities existing within the spacetime they purport to probe. This creates
a circularity: the measurement apparatus is a product of the very emergence process un-
der investigation.

8.2 Categorical Formulation

Definition 8.1 (Emergence Measurement Category). The emergence measurement cat-
egory MeasE is defined by:
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(i) Objects: Triples (S,AS , ωS) where S is a subsystem, AS is a C∗-algebra of ob-
servables accessible to S, and ωS is a state on AS .

(ii) Morphisms: ∗-homomorphisms compatible with the states.

Definition 8.2 (Pre-Geometric Measurement Category). The pre-geometric measure-
ment category MeasP is defined analogously, with objects (S,AP , ωP) where AP de-
scribes the pre-geometric degrees of freedom.

The emergence map Φ : AE ↪→ AP induces a functor Φ∗ : MeasP → MeasE by
restriction of states.

8.3 The Higher Obstruction

Theorem 8.3 (MBP as Higher Yoneda Obstruction). The Measurement Boundary Prob-
lem is classified by the same type of obstruction as the quantum measurement problem,
but operating at a higher categorical level. Specifically:

The quantum measurement obstruction (Theorem 4.1) is a failure of extension within
a single measurement category MeasQ.

The MBP obstruction is a failure of extension between measurement categories: from
MeasE to MeasP via the emergence functor Φ∗:

MeasE MeasP

PSh(MeasE) PSh(MeasP)

Φ∗

yE yP

Ψ?

The obstruction to the existence of a fully faithful Ψ compatible with the Yoneda em-
beddings is the emergence kernel ker(Φ∗): the pre-geometric states that are invisible to
emergent measurements.

Proof. The proof follows the same structure as Theorem 4.1, with the following substi-
tutions:

• MeasC ⇝MeasE (the “observable” category);

• MeasQ ⇝MeasP (the “fundamental” category);

• ι⇝ Φ∗ (the embedding functor);

• Off-diagonal coherences ⇝ Commutant elements b ∈ Φ(AE)
′ ∩ AP .

The epistemic horizon H = Φ(AE)
′ ∩ AP plays the role of the lost coherences: it

consists of pre-geometric observables that commute with all emergent observables and are
therefore invisible to any emergent measurement. The non-triviality of H (which holds
whenever the emergence map is not an isomorphism) is the obstruction to extending the
emergent Yoneda presheaf to the pre-geometric level.

Corollary 8.4 (Unified Obstruction). The quantum measurement problem and the Mea-
surement Boundary Problem are both instances of a single categorical phenomenon: the
non-extensibility of the Yoneda-representable presheaf of an embedded observer across an
information-losing functor. The quantum case involves the functor D : MeasQ → MeasC
(decoherence), while the MBP involves the functor Φ∗ : MeasP → MeasE (emergence).
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8.4 Epistemic Horizons Revisited

The epistemic horizon concept from [8] acquires a natural interpretation in the Yoneda
framework:

Proposition 8.5 (Epistemic Horizon as Presheaf Boundary). The epistemic horizon H
of an embedded observer S in an emergence structure is the boundary of the representable
presheaf y(S,AS ,ωS) in PSh(MeasP):

H = ∂(im(y(S,AS ,ωS))).

Observables in H are precisely those that lie at the edge of the observer’s Yoneda-representable
knowledge: they are detectable in principle (they are in AP) but inaccessible in practice
(they commute with everything in AE).

9 Indirect Witnesses and the Limits of Inference
The no-go theorems of the previous sections establish that direct measurement across an
emergence boundary is impossible. However, emergent observations can carry indirect
information about the pre-geometric substrate. We develop this idea using the Kan
extension framework.

9.1 Indirect Witnesses as Kan Extension Residues

Definition 9.1 (Indirect Witness). An indirect witness for a pre-geometric property P
is an emergent observable W ∈ AE such that the Kan extension of the local description
functor along the emergence embedding retains a non-trivial correlation with P :

Corr(LanΦ∗(L)(W ), P ) ̸= 0.

Proposition 9.2 (Witness Bound from Kan Extension). The fidelity of any indirect
witness is bounded by the capacity of the emergence channel:

F(W,P ) ≤
√

1− e−C(Φ∗),

where C(Φ∗) is the classical capacity of the emergence channel viewed as a CPTP map.

9.2 Examples of Indirect Witnesses

Entanglement entropy. The entanglement entropy of a spatial region, computable
within the emergent theory, reflects the connectivity structure of the pre-geometric sub-
strate (e.g., bond dimensions in tensor networks). It is an indirect witness for pre-
geometric connectivity.

Anomaly matching. ’t Hooft anomaly matching provides exact constraints: anoma-
lies in the emergent theory must match those of the pre-geometric theory. This is a rare
case where the witness fidelity is maximal.

Spectral signatures. The spectrum of the emergent Laplacian carries signatures of
pre-geometric discreteness, though with exponentially suppressed fidelity at sub-Planckian
energies.
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9.3 The Witness Hierarchy

Definition 9.3 (Witness Hierarchy). The witness hierarchy W0 ⊂ W1 ⊂ W2 ⊂ · · ·
consists of emergent observables constraining n-point functions of hidden pre-geometric
observables:

W ∈ Wn ⇐⇒ ∃ b1, . . . , bn ∈ H : Corr(LanΦ∗(y)(W ), ωP(b1 · · · bn)) ̸= 0.

Proposition 9.4. In holographic theories:

(a) W0 = ∅ (no zero-point witnesses);

(b) W1 = ∅ (no one-point witnesses);

(c) W2 ̸= ∅ (entanglement entropy witnesses two-point functions);

(d) Wn for n ≥ 3 has exponentially decreasing fidelity.

10 The Quantum-to-Classical Transition
We now synthesize the preceding results into a coherent picture of the quantum-to-
classical transition as a structural transformation in the presheaf category.

10.1 The Transition Functor

Definition 10.1 (Quantum-to-Classical Transition Functor). The quantum-to-classical
transition functor T : MeasQ → MeasC is defined as the composition

T = πC ◦ D

where D is the decoherence functor and πC is the projection onto the classical subcategory.

Theorem 10.2 (Structural Characterization of the Transition). The quantum-to-classical
transition functor T satisfies:

(a) T is a left adjoint to the inclusion ι : MeasC ↪→ MeasQ: there is a natural bijection

HomMeasC (T (q), c)
∼= HomMeasQ(q, ι(c))

for all q ∈ MeasQ and c ∈ MeasC.

(b) T is not faithful: distinct quantum states can map to the same classical state (the
coherences are lost).

(c) T preserves the Born rule: probabilities computed in MeasQ match those in MeasC
after the transition.

(d) The counit ϵ : ι ◦ T ⇒ idMeasQ is not an isomorphism (reflecting the information
loss).
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Proof. (a) The adjunction T ⊣ ι follows from the universal property of the Kan extension
(Theorem 5.3): T = Lanι(idMeasC ) is left adjoint to ι when the Kan extension exists.

(b) The decoherence functor D maps quantum states with the same diagonal (but
different off-diagonal elements) to the same classical state. For example, ρ = p| ↑⟩⟨↑
|+(1−p)| ↓⟩⟨↓ |+c| ↑⟩⟨↓ |+c∗| ↓⟩⟨↑ | maps to ∆(ρ) = p| ↑⟩⟨↑ |+(1−p)| ↓⟩⟨↓ | regardless
of c.

(c) The Born rule pi = Tr(ρEi) depends only on the diagonal of ρ in the eigenbasis of
Ei, which is preserved by T .

(d) ι(T (q)) = ι(∆(ρ)) ̸= ρ = q in general (the off-diagonal elements are lost).

10.2 Presheaf Interpretation

The quantum-to-classical transition has a clean presheaf interpretation:

Proposition 10.3 (Transition as Presheaf Coarsening). The functor T induces a natural
transformation on presheaves:

T ∗ : PSh(MeasC) → PSh(MeasQ)

defined by T ∗(F ) = F ◦T op. The representable presheaf of a classical outcome is mapped to
a “coarsened” presheaf in the quantum category that retains only the diagonal information.
This coarsening is the presheaf-theoretic content of the quantum-to-classical transition.

The picture that emerges is:

PSh(MeasQ)

Rich presheaves
(coherences, phases,

entanglement)

PSh(MeasC)

Coarsened presheaves
(probabilities,

definite outcomes)
T

ι

Decoherence

(Kan ext.)

Inclusion

Extension deficit ∆ = Sδ

11 Contextuality and Non-Classical Logic
The measurement problem is intimately connected to quantum contextuality. We briefly
develop this connection within the Yoneda framework.

11.1 Context Category

Definition 11.1 (Context Category). The context category CQ is the poset of commu-
tative subalgebras of B(H), ordered by inclusion. Each context V ∈ CQ represents a
maximal set of simultaneously measurable observables.

Proposition 11.2 (Contextuality as Presheaf Obstruction). The Kochen-Specker the-
orem [15] states that the valuation presheaf V : Cop

Q → Set has no global section when
dimH ≥ 3. In the Yoneda framework, this means there is no object in MeasQ whose
representable presheaf restricts to a consistent global value assignment across all contexts.
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Proof. A global section s ∈ Γ(V) would assign to each context V a value assignment
sV : V → R consistently across all contexts. By the Yoneda embedding, this would
correspond to an object (S,H, ρs) ∈ MeasQ such that y(S,H,ρs) determines definite values
for all observables simultaneously. The Kochen-Specker theorem proves that no such ρs
exists (for dimH ≥ 3), hence no such global section exists.

Corollary 11.3 (Measurement Problem from Contextuality). The measurement problem
can be derived from contextuality: since no single representable presheaf can consistently
assign definite values to all observables, the “collapse” to a definite outcome must be
context-dependent (basis-dependent). This context-dependence is not a deficiency but a
structural feature of the quantum measurement category.

12 Modular Theory and Thermal Aspects
The Tomita-Takesaki modular theory provides a bridge between algebraic quantum field
theory and the measurement problem. We develop this connection.

12.1 Modular Flow and the Epistemic Horizon

For a von Neumann algebra M with cyclic and separating vector Ω, the Tomita-Takesaki
theorem provides:

• A modular operator ∆ with ∆itM∆−it = M;

• A modular conjugation J with JMJ = M′ (the commutant).

Proposition 12.1 (Modular Structure of the Measurement Obstruction). Let ME =
Φ(AE) be the emergent algebra embedded in the pre-geometric algebra AP . The modular
conjugation J maps ME to the epistemic horizon H = M′

E :

JMEJ = H.

The modular automorphism σt = ∆it(·)∆−it generates a “thermal” flow on the epistemic
horizon, connecting the measurement obstruction to the thermal nature of horizons in
quantum gravity.

12.2 KMS Condition and Observer Temperature

Definition 12.2 (Observer Temperature). An embedded observer S in state ω experi-
ences a modular temperature Tmod defined by the KMS condition: the state ω restricted
to the epistemic horizon satisfies

ω(ab) = ω(bσiβ(a)) ∀ a, b ∈ H

with β = 1/Tmod.

Proposition 12.3. The observer’s modular temperature is related to the measurement ob-
struction: the higher the temperature, the larger the thermal fluctuations in the epistemic
horizon, and the weaker the indirect witnesses. In the zero-temperature limit (Tmod → 0),
the observer has maximal access to pre-geometric correlations; in the infinite-temperature
limit (Tmod → ∞), all correlations are thermalized and the measurement obstruction is
maximal.
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13 Information-Theoretic Bounds

13.1 Quantum Channel Capacity of Measurement

The measurement process, viewed as a quantum channel from the global state to the
observer’s local state, has a well-defined channel capacity.

Theorem 13.1 (Measurement Channel Capacity). The classical capacity of the measure-
ment channel NS : ρR 7→ ρS = TrE(ρR) is bounded by:

C(NS) ≤ log dimHS .

The mutual information between the global and local states satisfies:

I(R : S) = S(ρS) + S(ρE)− S(ρR) ≤ 2S(ρS).

13.2 Quantum Fisher Information and Parameter Estimation

Proposition 13.2 (Fisher Information Bound on the Measurement Problem). Let θ be
a parameter of the global state ρR(θ). The quantum Fisher information accessible to the
observer is bounded by:

FS(θ) ≤ FR(θ),

with equality if and only if θ affects only the observer’s accessible degrees of freedom
(i.e., ∂θρR has support entirely within HS). The ratio FS/FR quantifies the fraction of
parameter information surviving the measurement boundary.

14 Experimental Implications
Despite the structural nature of the measurement obstruction, it has experimentally
relevant consequences.

14.1 Bounds on Quantum State Tomography

Proposition 14.1 (Tomographic Completeness vs. Global Completeness). Quantum
state tomography for an embedded observer S can determine ρS completely (by the Yoneda
lemma applied to MeasQ: the representable presheaf determines the object). However,
this tomographic completeness does not extend to ρR: infinitely many global states are
compatible with the same ρS .

The number of independent global parameters not determined by local tomography is
at least:

Nhidden ≥ (dimHE)
2 − 1.

14.2 Witnessing Pre-Measurement Coherence

Proposition 14.2 (Coherence Witnesses). An observer can indirectly witness the pre-
measurement coherence of a quantum state (before decoherence has occurred) through:

(i) Interference experiments: Detecting interference fringes that are incompatible
with any diagonal state;
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(ii) Bell inequality violations: Measuring correlations that exceed classical bounds;

(iii) Entanglement witnesses: Detecting entanglement through partial transposition
criteria.

Each of these is an indirect witness in the sense of Definition 9.1, with fidelity bounded
by the channel capacity of the measurement process.

14.3 Tests of Observer-Relativity

The Yoneda framework predicts that measurement outcomes are observer-relative: dif-
ferent representable presheaves give different (but individually consistent) accounts. This
can in principle be tested:

Proposition 14.3 (Observer-Relative Collapse Test). Consider two observers S1 and S2

with overlapping but distinct accessible regions. The Yoneda framework predicts that:

(i) Each observer has a consistent local description (via their representable presheaf);

(ii) When the observers compare notes (combine their presheaves), the combined de-
scription carries more information than either individual description;

(iii) The combined description is still incomplete relative to the global state (the joint
presheaf is still not the total presheaf).

Wigner’s friend experiments [14] provide an experimental platform for testing these pre-
dictions.

15 Systematic Comparison with Interpretations
We now provide a detailed comparison of the Yoneda framework with the major inter-
pretations of quantum mechanics, evaluated against the categorical criteria established
above.

15.1 Copenhagen Interpretation

The Copenhagen interpretation draws a sharp line between quantum and classical de-
scriptions. In our framework, this corresponds to the inclusion ι : MeasC ↪→ MeasQ and
the assertion that a “measurement” is a morphism that crosses this boundary. The Copen-
hagen interpretation accepts the measurement obstruction (Theorem 4.1) and resolves it
pragmatically by placing the classical/quantum boundary at a convenient location.

Yoneda assessment: Copenhagen is categorically consistent but incomplete—it does
not specify where the boundary lies or why a particular outcome occurs.

15.2 Many-Worlds Interpretation

The many-worlds interpretation (MWI) works entirely within MeasQ, never crossing to
MeasC . “Branching” is the proliferation of objects in MeasQ under the decoherence
functor. Each “branch observer” has its own representable presheaf.
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Yoneda assessment: MWI is categorically the most natural interpretation—it re-
spects the full structure of MeasQ without imposing the lossy transition to MeasC .
However, it must explain why each branch observer experiences a single outcome, which
in our framework is the restriction to a single representable presheaf.

15.3 Objective Collapse Theories

Objective collapse theories (GRW, Penrose) modify the dynamics of MeasQ to make the
measurement obstruction vanish. In our framework, this corresponds to modifying the
category itself (adding non-unitary morphisms) so that PSh(MeasC) and PSh(MeasQ)
become compatible.

Yoneda assessment: Objective collapse eliminates the obstruction by changing the
mathematical structure. This is legitimate but ad hoc from the categorical perspective—
the obstruction is structural, and modifying the category to remove it requires new physics
that is not independently motivated.

15.4 Relational Quantum Mechanics

Rovelli’s relational QM is the closest to our framework. It identifies quantum states
as relational (observer-dependent), which in our language means: quantum states are
representable presheaves, and different observers have different presheaves.

Yoneda assessment: RQM is the interpretation most naturally aligned with the
Yoneda Constraint. The advance of our framework over informal RQM is the mathemat-
ical precision of the presheaf formulation and the concrete obstruction theorems.

15.5 Summary Table

Interpretation Obstruction Presheaf Born Rule Consistency

Copenhagen Accepted Observer-dep. Postulated Pragmatic
Many-Worlds Avoided Full category Derived Full
Obj. Collapse Eliminated Modified cat. Postulated Modified
Decoherence Approximated Kan extension Preserved Lossy
Relational QM Embraced Representable Compatible Full
Yoneda Classified Representable Derived Full

16 Discussion and Open Questions

16.1 Summary of Results

We have developed a category-theoretic framework for the measurement problem based
on the Yoneda lemma and its associated machinery. Our main results are:

(1) The Measurement Obstruction Theorem (Theorem 4.1): The measurement
problem is a Yoneda obstruction—the non-existence of a fully faithful, probability-
preserving functor between classical and quantum presheaf categories. The obstruc-
tion is classified by a cohomological invariant.
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(2) Decoherence as Kan Extension (Theorem 5.3): Decoherence is the optimal but
lossy approximation (left Kan extension) bridging the quantum-classical gap. The
extension deficit quantifies the information loss.

(3) Born Rule from Yoneda (Theorem 6.2): The Born rule is the unique natural
transformation from the representable presheaf to the probability functor, combin-
ing the Yoneda lemma with Gleason’s theorem and CPTP functoriality.

(4) Wigner’s Friend as Coherence Failure (Theorem 7.2): Wigner’s friend sce-
narios are 2-categorical coherence failures, dissolved by recognizing that different
observers have different (and non-obligatorily compatible) representable presheaves.

(5) MBP as Higher Obstruction (Theorem 8.3): The Measurement Boundary Prob-
lem of emergent spacetime is a higher-order instance of the same obstruction, op-
erating between measurement categories rather than within one.

16.2 Open Questions

Computability of the obstruction class. Can the measurement cohomology class
[ωM ] be computed explicitly for physically interesting systems? What is its relationship
to entanglement entropy, quantum discord, and other information-theoretic measures?

Higher categorical structure. The 2-categorical analysis of Wigner’s friend sug-
gests that (∞, n)-categorical structure may be relevant for nested observer scenarios with
arbitrary depth. What physical information is carried by the higher coherence data?

Derived Yoneda. In derived algebraic geometry, the Yoneda embedding extends
to derived categories. Does the derived Yoneda Constraint carry additional physical
content—for instance, information about quantum corrections to the measurement ob-
struction?

Connection to quantum gravity. The unification of the measurement problem
with the Measurement Boundary Problem suggests deep connections to quantum grav-
ity. Can the obstruction class [ωM ] be related to gravitational quantities such as the
Bekenstein-Hawking entropy or the central charge of the boundary CFT in holographic
theories?

Experimental signatures. Can the presheaf structure of quantum measurement be
probed experimentally? Wigner’s friend experiments [14] provide a starting point, but
more refined tests of observer-relative collapse are needed.

17 Conclusion
The measurement problem has resisted resolution for nearly a century because it has
been treated as a dynamical puzzle requiring a new physical mechanism. We have argued
that it is, instead, a categorical inevitability: a structural obstruction arising from the
Yoneda lemma applied to embedded observers in quantum measurement categories.

The key insight is that an embedded observer accesses reality only through its repre-
sentable presheaf y(S,HS ,ρS), which is complete for relational knowledge from the observer’s
position (by the Yoneda lemma) but structurally incomplete for global knowledge (when
the observer is a proper subsystem). The “collapse” of the wave function is the transition
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from the rich quantum presheaf to the coarsened classical presheaf, mediated by decoher-
ence (a Kan extension) and governed by the Born rule (a natural transformation). This
transition is necessarily lossy, and the loss is measured by the extension deficit.

The framework unifies the quantum measurement problem with the Measurement
Boundary Problem of emergent spacetime, revealing both as instances of a single cate-
gorical phenomenon: the non-extensibility of Yoneda-representable knowledge across an
information-losing functor. This unification suggests that the foundations of quantum
mechanics and the foundations of spacetime are more deeply connected than previously
recognized.

We close with a philosophical observation. The Yoneda lemma tells us that an object
is completely determined by the totality of its relationships to all other objects. Applied
to physics, this means: an observer’s knowledge of reality is entirely relational, deter-
mined by the morphisms from the observer’s position in the measurement category. This
knowledge is both maximal (nothing relational is missing) and bounded (only relational
knowledge is available). The measurement problem is the recognition that relational
knowledge, while maximal, is not the same as total knowledge. This is not a deficiency
of quantum mechanics; it is a feature of being an observer embedded in reality.
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A Categorical Definitions
Presheaf categories. For a category C, the presheaf category PSh(C) = [Cop,Set] is
the category of contravariant functors from C to Set. The Yoneda embedding y : C ↪→
PSh(C) sends A 7→ HomC(−, A).

Kan extensions (pointwise formula). For functors K : C → D and F : C → E :
• Left: LanKF (d) = colim(c,K(c)→d)∈(K↓d)F (c)
• Right: RanKF (d) = lim(c,d→K(c))∈(d↓K) F (c)

CPTP maps. A completely positive trace-preserving (CPTP) map Φ : B(H1) →
B(H2) satisfies: (i) Φ⊗ idn is positive for all n (complete positivity), and (ii) Tr(Φ(ρ)) =
Tr(ρ) for all ρ (trace preservation). CPTP maps are the morphisms of quantum channels.

B Proofs of Technical Results

B.1 Proof of Proposition 5.2

Proof. (a) Idempotency: D(D(ρ)) = ∆(∆(ρ)) = ∆(ρ) = D(ρ) since ∆ is already diagonal.
(b) Image: im(D) = {(S,H, ρ) : ρ is diagonal in pointer basis} = MeasC .
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(c) Left inverse: For c = (S,H, ρc) ∈ MeasC with ρc diagonal, D(ι(c)) = ∆(ρc) =
ρc = c.

B.2 Proof of Proposition 11.2

Proof. The valuation presheaf V : Cop
Q → Set assigns to each context (commutative sub-

algebra) V the set of ∗-homomorphisms V → C (simultaneous eigenvalue assignments).
The Kochen-Specker theorem [15] proves that for dimH ≥ 3, there is no global section:
no consistent assignment of eigenvalues to all observables simultaneously.

In the Yoneda framework, a global section would correspond to an element of limV ∈CQ V(V ),
i.e., a compatible family of eigenvalue assignments. The non-existence of this limit ele-
ment is equivalent to the non-existence of an object in MeasQ whose presheaf restricts
to a deterministic value assignment on every context.

C Comparison with Related Frameworks

C.1 Topos Approaches

The topos approach to quantum theory [19, 20, 21] uses presheaves on context cate-
gories to formulate quantum mechanics in a “neo-realist” framework. Our measurement
category MeasQ can be viewed as an enrichment of their context categories. The key
difference is that we work with the full Yoneda embedding rather than restricting to
specific presheaves, which allows unified treatment of quantum and classical regimes.

C.2 Categorical Quantum Mechanics

The Abramsky-Coecke program [17, 18] uses compact closed categories and string di-
agrams for quantum processes. Our approach is complementary: categorical quantum
mechanics focuses on compositional structure, while we focus on epistemic structure.
The two can be combined by enriching MeasQ over the category of quantum processes.

C.3 Algebraic Quantum Field Theory

The AQFT approach [22] assigns algebras to spacetime regions with inclusion maps. Our
emergence measurement category MeasE generalizes this net structure, with the Yoneda
Constraint becoming a statement about local vs. global algebras. The connection to the
split property and the Reeh-Schlieder theorem merits further investigation.
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