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Abstract

We apply the Yoneda Constraint on Observer Knowledge—the principle that an
embedded observer S accesses reality R only through the representable functor
Hompfeas((S, R|s), —)—to the problem of observing quantum gravitational phe-
nomena. We construct a quantum gravitational measurement category Measga
whose objects are observer-spacetime pairs and whose morphisms are diffeomorphism-
compatible quantum channels. Within this framework, we demonstrate that Planck-
scale physics imposes three independent obstructions to observation: (1) a gravita-
tional epistemic horizon arising from the formation of black holes when measurement
energy exceeds the Schwarzschild threshold; (2) a diffeomorphism gauge obstruction
in which the background independence of quantum gravity forces observables into
2-categorical equivalence classes that reduce the representable functor’s resolution;
and (3) a holographic saturation bound in which the Bekenstein—Hawking entropy
limits the Kan extension deficit to scale with boundary area rather than bulk vol-
ume. We prove that the extension deficit A(S) for any observer embedded in a
quantum gravitational spacetime satisfies rank(A(S)) > A(9S)/4G yh, connecting
the Yoneda Constraint to the holographic principle. We analyze the implications

for the asymptotic safety program, loop quantum gravity, string theory, and causal

GrokRxiv:2026.02.limits-quantum-gravity-observation

set theory, showing that each approach encounters distinct Yoneda obstructions.
We develop Haskell implementations modeling the categorical structures and deficit
computations. The results establish that quantum gravity observation is subject to

principled categorical limits that transcend specific theoretical frameworks.
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1 Introduction

The quest to observe quantum gravitational phenomena is one of the defining challenges
of twenty-first century physics. Despite remarkable theoretical advances in loop quan-
tum gravity [4, 5|, string theory [6, 7], asymptotic safety [8, 9], and causal set theory
[10, 11], direct experimental evidence for quantum gravity remains elusive. The en-
ergy scale at which quantum gravitational effects become dominant—the Planck energy
Ep = \/m ~ 1.22 x 10" GeV—exceeds the reach of any conceivable accelerator by
roughly fifteen orders of magnitude.

The standard response is to search for indirect signatures: modifications to dispersion
relations [12|, decoherence effects [13], primordial gravitational waves in the cosmic mi-
crowave background [14], or tabletop experiments probing the quantum nature of gravity
[15, 16]. While these programs are experimentally motivated and scientifically valuable,
the question of whether there exist principled limits to quantum gravity observation has
received comparatively little attention from a structural, framework-independent per-
spective.

In this paper, we address this question using the Yoneda Constraint on Observer
Knowledge developed in [1, 2|. The Yoneda Constraint states that an embedded ob-
server § within a physical system R accesses R only through the representable functor
y($78) = Hompgeas((S, 0s), —), which determines the observer’s epistemic position up to
isomorphism but cannot determine R itself unless S = R. The Kan extension deficit
A(S) quantifies the gap between the best extrapolation from local data and the true
global description.

We apply this machinery to quantum gravity by constructing a quantum gravitational
measurement category Measge that incorporates the distinctive features of quantum
gravity: background independence, diffeomorphism invariance, the Planck scale as a
natural cutoff, and the holographic principle. Within this category, we identify three
independent obstructions to observation at the Planck scale, each arising from a different

structural feature of Measqg:

(i) The Gravitational Epistemic Horizon. When the energy concentrated in a
measurement region exceeds the Schwarzschild threshold, a black hole forms, pre-
venting information extraction. This creates a gravitational analogue of the epis-
temic horizon defined in [1], where the accessible subcategory is bounded by horizon

formation.

(ii) The Diffeomorphism Gauge Obstruction. Background independence in quan-
tum gravity requires that physical observables be diffeomorphism-invariant. This
forces the representable functor y(S91s) to factor through equivalence classes of met-

rics modulo diffeomorphisms, reducing its resolving power. In the 2-categorical



extension Measg o, diffeomorphisms appear as 2-cells, and the 2-Yoneda lemma
shows that the observer’s knowledge includes gauge-invariant content but at reduced

resolution.

(iii) The Holographic Saturation Bound. The Bekenstein-Hawking entropy Sgy =
A/4G nh places an upper bound on the information content of any region, and hence
on the rank of the Kan extension deficit. This connects the Yoneda Constraint to
the holographic principle and implies that the deficit scales with boundary area

rather than bulk volume.

These obstructions are independent in the sense that each arises from a different
structural feature of Measg, and they compose in the sense that any realistic attempt
at quantum gravity observation must contend with all three simultaneously.

The paper is organized as follows. Section 2 reviews the Yoneda Constraint framework
and fixes notation. Section 3 constructs the quantum gravitational measurement category.
Section 4 analyzes the gravitational epistemic horizon. Section 5 treats the diffeomor-
phism gauge obstruction. Section 6 develops the holographic saturation bound. Section 7
examines how specific approaches to quantum gravity encounter these obstructions. Sec-
tion 8 analyzes concrete observational scenarios. Section 9 discusses higher-categorical

extensions. Section 11 examines philosophical implications. Section 13 concludes.

2 The Yoneda Constraint Framework

We briefly review the Yoneda Constraint framework from |1, 2|, establishing the notation

and key results that we will generalize to the quantum gravitational setting.

2.1 Measurement Categories and Embedded Observers

Definition 2.1 (Measurement Category [2]). Fix a physical system R. The measurement
category Meas = Meas(R) has:

(i) Objects: Pairs (S,0s) where S C R is a subsystem and ogs is the state of R
restricted to S.

(ii) Morphisms: State-preserving channels: completely positive trace-preserving (CPTP)
maps f: B(Hs,) = B(Hs,) with f(o1) = 0s.

(iii) Composition: Sequential composition of channels.

(iv) Identity: The identity channel id(s o).



Definition 2.2 (Embedded Observer [2|). An embedded observer is an object (S,0s) €
Meas with S C R. The accessible subcategory Meas|s is the full subcategory on objects
(8’, O'S/) with 8/ g S.

2.2 The Yoneda Constraint

Proposition 2.3 (Yoneda Constraint [1]). The embedded observer S accesses R only
through y©7s) = Homppeas((S, 0s), —). This determines (S,0s) up to isomorphism but

does not determine R unless S = R.

2.3 Kan Extensions and the Extension Deficit
Definition 2.4 (Extension Deficit [1]). Given the inclusion J : Meas|s < Meas and
the description functor ®, the extension deficit is:

A(S) = coker(Lan,; (D o J) = R)

where R is the total description functor. The deficit vanishes if and only if § = R.

Proposition 2.5 (Quantum Extension Deficit [2]). In Measg, for a bipartite system
SUE in pure state 1), the extension deficit is non-trivial if and only if S(ps) > 0, where

S is the von Neumann entropy.

2.4 The Epistemic Horizon

Definition 2.6 (Epistemic Horizon [1]). The epistemic horizon of observer S is the full

subcategory Meas|s C Meas. The epistemic boundary is:

Os = {(8/,03/) € Meas : HOIH((S,US), (8/,03/)) + 0, S’ z S}

3 The Quantum Gravitational Measurement Category

We now construct the measurement category appropriate to quantum gravity, incor-
porating the features that distinguish the gravitational setting from ordinary quantum

mechanics: background independence, diffeomorphism invariance, and the Planck scale.

3.1 Motivation: What Makes Quantum Gravity Different

In ordinary quantum mechanics, the measurement category Measg is built on a fixed
background: the Hilbert space Hs®H¢ with a fixed tensor product structure. In quantum

gravity, three features fundamentally alter the situation:



(1) No fixed background spacetime. The metric g,, is a dynamical field, not a
fixed background. The “stage” on which physics takes place is itself part of the
physics.

(2) Diffeomorphism invariance. Physical observables must be invariant under dif-
feomorphisms ¢ € Diff(M). Two metric configurations related by a diffeomorphism
are physically indistinguishable.

(3) Planck-scale limitations. The Planck length {p = \/hAGN/c? ~ 1.616 x 1073° m
defines a scale below which the classical spacetime concept breaks down. Concen-

trating energy sufficient to probe sub-Planckian distances creates black holes.

Each of these features introduces a distinct obstruction to observation within the

Yoneda framework.

3.2 Definition of Measgq

Definition 3.1 (Quantum Gravitational Measurement Category). The quantum gravi-

tational measurement category Measg is defined as follows:

(i) Objects: Triples (S, gs, ps) where:
e S C M is a spacetime region (a bounded open set in the spacetime manifold
M),

e gs is the metric restricted to S (or a quantum state of the metric in the full

quantum theory),

e ps is the state of the matter fields on S coupled to gs.

The pair (gs, ps) encodes the gravitational and matter degrees of freedom accessible

to S.

(ii) Morphisms: A morphism f : (S1,91,p1) — (S2,92,p2) is a diffeomorphism-
compatible quantum channel: a CPTP map on the combined gravity-matter Hilbert

space that:

e preserves the state: f(g1,p1) = (g2, p2),
e respects diffeomorphism equivalence: if ¢ € Diff(M) with ¢(S;) = S7, then f
factors through ¢*.

(iii) Composition: Sequential composition of channels, with the constraint that the

composed channel remains diffeomorphism-compatible.
(iv) Identity: The identity channel preserving both metric and matter state.
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Remark 3.2 (Technical caveats). The definition of Measq inherits the difficulties of
quantum gravity itself: the Hilbert space of quantum gravity is not well-defined in full
generality, the notion of “state of the metric” requires a specific quantization scheme, and
the diffeomorphism group acts on the space of metrics in ways that depend on the topology
of M. We proceed at the level of formal structure, noting where specific quantization

schemes (LQG, string theory, etc.) provide concrete realizations.

3.3 The Inclusion Hierarchy

The quantum gravitational measurement category sits within a hierarchy of measurement
categories:

Measc C Measg C Measgg

where Measc is the classical measurement category and Measg is the quantum mea-
surement category. The inclusions are not full: the gravitational category has additional
structure (metric degrees of freedom, diffeomorphism compatibility) not present in the

quantum category.

Proposition 3.3 (Gravitational Enhancement of Epistemic Horizons). In Measqq, the
epistemic horizon of an observer S is strictly smaller than in Measg for the same matter
content. That 1is, the gravitational degrees of freedom reduce rather than expand the

accessible information.

Proof. In Measg, the observer’s accessible subcategory Meas(|s contains all matter con-
figurations within S. In Measg, the accessible subcategory Measge|s must addition-
ally satisfy diffeomorphism compatibility, which identifies metric configurations related
by diffeomorphisms and thereby reduces the number of distinct objects. Furthermore,
the coupling between matter and geometry (encoded in the Einstein equations) means
that high-energy matter configurations may produce black holes, removing them from

the accessible subcategory entirely (see section 4). O

3.4 The Embedded Observer in Quantum Gravity

Definition 3.4 (Gravitational Embedded Observer). A gravitational embedded observer
is an object (S, gs, ps) € Measge with S C M. The observer is characterized by:

(a) A spacetime region & with compact closure,
(b) A gravitational state gs satisfying the constraint equations on S,
(c) A matter state ps compatible with gs via the semiclassical Einstein equations,

(d) An energy budget Es = [¢Tyo\/gd’s < Enax where Ep,, is bounded by the

Schwarzschild condition (see section 4). This includes the observer’s own rest-mass

9



energy: the total stress-energy content of S, including the physical substrate of the

observer itself, must not exceed the threshold.

The energy budget constraint (d) is the key new feature: unlike in non-gravitational
physics, the observer cannot arbitrarily increase the energy of its probes without gravita-
tional backreaction. The inclusion of the observer’s own mass-energy in Egs connects to
the self-observation constraints developed in [3]: the observer’s attempt to model itself

increases its own energy, potentially tightening the Schwarzschild bound.

4 The Gravitational Epistemic Horizon

The first obstruction to quantum gravity observation arises from the gravitational back-
reaction of measurements: concentrating sufficient energy to probe Planck-scale physics

creates a black hole that prevents information extraction.

4.1 The Schwarzschild Bound on Measurement Energy

Proposition 4.1 (Schwarzschild Measurement Bound). An observer S occupying a spa-
tial region of characteristic size L can employ a measurement probe of energy E only
if:

L

2Gy
When E > c4L/2GN, the probe creates a black hole of Schwarzschild radius ry = QGNE/C4 >

L, which engulfs the measurement region and prevents information extraction.

E <

Proof. The Schwarzschild radius of a mass-energy E/c? is 1y = 2GNE/c*. For the mea-
surement to be extractable, we need ry < L, giving the stated bound. When ry > L,
the measurement apparatus is inside its own Schwarzschild radius, and the measurement

outcome is trapped behind the event horizon. O

Corollary 4.2 (Planck Resolution Limit). The minimum resolvable length scale for an

observer using a probe of energy E is bounded by:

h 2GNE
5x2maX<E—/c, i )22€p

where the first term is the quantum uncertainty and the second is the gravitational back-

reaction. The minimum is achieved at E = Ep, yielding dx = 2(p.

Proof. The Heisenberg uncertainty principle gives dx > hc/E, while the Schwarzschild
bound gives dz > 2Gx E/c*. Minimizing the sum 6z = he/ E +2G N E/ct over E gives
Eope = Ep/v/2 and 6pin = 2v/20p > 2Up. O

10



This result is well-known in the quantum gravity literature [17-20| but takes a precise

categorical form within the Yoneda framework.

4.2 The Gravitational Epistemic Horizon in Measgg

Definition 4.3 (Gravitational Epistemic Horizon). The gravitational epistemic horizon
of observer § is the full subcategory MeaségH\g C Measgg|s consisting of objects

(8', ¢, p') that are accessible without triggering black hole formation:

)

Measge|s = {(S’,g',p') € Measgg|s : E(p') <

where L(S’) is the characteristic size of S'.

Theorem 4.4 (Gravitational Truncation of the Extension Deficit). The gravitational

epistemic horizon imposes a truncation on the Kan extension:

Lany (D o J)(X) if X € Measyg"

Lan j<su (D o J<PM)(X) =
undefined or trivial if X ¢ MeaségH

where J<BH . MeaségHLg — Measgq is the restricted inclusion. The extension deficit

acquires a gravitational contribution:
Aga(S) 2 Ag(S) + Agrav(S)

where A is the quantum (entanglement) contribution and Ay, is the gravitational con-

tribution from the truncation.

Proof. Since Measge,"

|s € Measgg|s, the Kan extension over the smaller subcategory
has access to less data. By the monotonicity of Kan extensions with respect to the domain,
Lanj<sn produces a coarser approximation than Lanj, increasing the deficit. The addi-
tivity follows from the independence of the quantum and gravitational contributions: the
quantum deficit arises from entanglement entropy (tracing out the environment), while
the gravitational deficit arises from the energy-dependent truncation of the accessible

subcategory. O]

4.3 Trans-Planckian Censorship

The gravitational epistemic horizon has a natural interpretation as a categorical formu-
lation of trans-Planckian censorship [21]: physics beyond the Planck scale is not merely

difficult to observe but is categorically excluded from the observer’s representable functor.
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Conjecture 4.5 (Categorical Trans-Planckian Censorship). In Measq, the representable
functor y($:95:Ps) undergoes rapid decay on objects whose characteristic energy density ea-
ceeds Ep/l3:

y(S9509) (', )] < exp(—

E(/)’)/V(S’))
Ep/lp

This is the Yoneda-representable formulation of trans-Planckian censorship: the observer’s
relational knowledge is exponentially suppressed (though not strictly vanishing) above the
Planck energy density. The non-vanishing tail allows for potential non-local effects that
appear in some approaches to quantum gravity (e.g., string theory, where T-duality ex-

changes sub-stringy and super-stringy physics).

4.4 Information Recovery and the Black Hole Information Prob-

lem

The gravitational epistemic horizon connects to the black hole information problem.
When a measurement creates a black hole, the information about the measurement out-
come is encoded in Hawking radiation 22|, which is thermal to a distant observer. In the

Yoneda framework:

Proposition 4.6 (Black Hole Information as Extension Deficit). For an observer outside
a black hole formed during a measurement, the extension deficit includes the Bekenstein—

Hawking entropy:
Apn

AG NI

where Ay is the horizon area. The Page curve [2]] describes the time evolution of this

Agraw(s) Z SBH -

contribution to the deficit as the black hole evaporates.

Proof (sketch). The morphisms from (S, gs, ps) to objects behind the horizon are absent
from the accessible subcategory. The number of independent degrees of freedom hidden
behind the horizon is bounded below by Spy, which is the entropy of the black hole.
Each hidden degree of freedom contributes at least one dimension to the cokernel of the

Kan extension comparison map. O

5 The Diffeomorphism Gauge Obstruction

The second obstruction arises from the background independence of quantum gravity:
physical observables must be diffeomorphism-invariant, which constrains the structure of

the representable functor.

12



5.1 Diffeomorphisms as 2-Cells

In the 2-categorical extension of Measgq, diffeomorphisms naturally appear as 2-cells.

Definition 5.1 (2-Categorical Quantum Gravity Measurement Structure). The 2-category

Measgg 2 has:
(i) Objects (0-cells): Triples (S, gs, ps) as in theorem 3.1.
(ii) 1-morphisms (1-cells): Diffeomorphism-compatible quantum channels.

(iii) 2-morphisms (2-cells): Natural transformations between channels induced by
diffeomorphisms ¢ € Diff(M): for channels f, f’ : (S1, g1, p1) = (S2, g2, p2), a 2-cell
a: f = f'exists when f' = ¢* o f for some diffeomorphism ¢ fixing Ss.

5.2 The Problem of Observables

The “problem of observables” in quantum gravity [28-31] is that diffeomorphism invari-
ance drastically constrains the space of physical observables. In the Yoneda framework,

this becomes a constraint on the representable functor.

Proposition 5.2 (Diffeomorphism Reduction of the Representable Functor). The phys-
ical representable functor in quantum gravity is not y(S:95°8) but the quotient:

yiSas sl = y(Ss:08) IDiff (M)

where the quotient identifies morphisms related by diffeomorphisms. The physical functor
has strictly fewer components than the kinematical one: \y['] (X)] < lyO(X)]| for all

phys
objects X.

Proof. Physical observables in quantum gravity are gauge equivalence classes of metric-
matter configurations [28]. The representable functor y(S:9ss)(X) = Homuteasqe (S, gs, ps), X)
counts all diffeomorphism-compatible channels, but channels related by diffeomorphisms
represent the same physical process. The quotient by Diff (M) identifies these, reducing

the set of morphisms. O

5.3 Relational Observables and Partial Observables

The relational approach to the problem of observables |28, 30, 31] constructs diffeomorphism-
invariant observables by relating physical quantities to dynamical reference frames. In

the Yoneda framework:

Definition 5.3 (Relational Representable Functor). Given a dynamical reference frame

F C S (a subsystem serving as a clock and spatial reference), the relational representable

13



functor is:
y.(;?,g.s,ps) = HOIl’lMeaSQG<(87 gs, p8)7 _>/lef]:(M)

where Diff (M) is the subgroup of diffeomorphisms that fix the reference frame F.

Proposition 5.4 (Reference Frame Dependence of Observables). The relational repre-
sentable functor depends on the choice of reference frame F:

y(}c_?gs”ﬂs) o ygygsyps)
in general when Fy # Fo. Different reference frames yield different but physically equiv-

alent descriptions, related by the Yoneda embedding applied to the reference frame trans-

formation.

Proof. The quotient by Diff 7, and by Diff z, produces different equivalence classes when
F1 # JFo, since the stabilizer subgroups differ. The physical equivalence is guaranteed by
the fact that Diff 7, and Diff z, are conjugate subgroups of Diff(M). O

5.4 The Gauge Contribution to the Extension Deficit

Theorem 5.5 (Diffeomorphism Contribution to the Extension Deficit). The diffeomor-

phism gauge structure contributes an additional term to the extension deficit:
Aqa(8) 2 Ag(8) + Agrav(S) + Agange(S)

where Agauge(S) arises from the reduction of the representable functor by the diffeomor-
phism quotient. In the semiclassical regime, Agage 5 Telated to the volume of the diffeo-

morphism group orbit through gs.

Proof. The physical Kan extension is computed from the reduced functor yl[)']hys7 which has
fewer components than y(). The Kan extension of the reduced functor produces a coarser
approximation to the physical description functor JR,ys than the Kan extension of the

unreduced functor produces to R. The additional coarseness is measured by Agauge. [

5.5 Background Independence and the Problem of Time

A closely related obstruction arises from the “problem of time” in quantum gravity [32-34]:
in a generally covariant theory, there is no preferred time parameter, and the Hamiltonian

constraint H|1) = 0 makes the quantum state appear “frozen.”

Proposition 5.6 (The Problem of Time as Yoneda Obstruction). In the constraint sur-
face H = 0, the representable functor y($:95¢s) assigns to each object the set of channels

that preserve the constraint. Time evolution, which in ordinary quantum mechanics is a

14



natural automorphism of the Yoneda embedding ([1], Prop. 7.15), is replaced in quantum
gravity by a gauge transformation (a 2-cell in Measgg2). The observer has no invariant

way to distinguish “before” from “after” without a physical reference frame.

This result formalizes the intuition that the problem of time is not a technical difficulty
to be overcome but a structural feature of the Yoneda Constraint in the gravitational

measurement category.

6 The Holographic Saturation Bound

The third obstruction connects the Yoneda Constraint to the holographic principle, pro-

viding a quantitative bound on the extension deficit.

6.1 The Bekenstein—-Hawking Entropy Bound

The Bekenstein-Hawking entropy [22, 23] places an upper bound on the entropy (and

hence the information content) of a region bounded by a surface of area A:

A

S S Sbn = 3

In the Yoneda framework, this becomes a bound on the rank of the representable

functor.

Theorem 6.1 (Holographic Bound on the Representable Functor). For an observer S
occupying a spacetime region bounded by a surface of area A(OS), the number of inde-

pendent components of the representable functor is bounded:

o)

dlm y(87957p$) S eXp(

where dim counts the number of independent natural transformations from y($:95:rs) to q

test functor.

Proof. By the Yoneda lemma, natural transformations from y(S9s#s) to a functor F
are in bijection with F(S,gs,ps). The set F(S,gs,ps) can have at most exp(Spg)
distinguishable elements, since Sgy bounds the total information content of S. Therefore,

the number of independent components of y(5:95s) is bounded by exp(Sz). m
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6.2 Holographic Saturation of the Extension Deficit

Theorem 6.2 (Holographic Extension Deficit). For any observer S embedded in a quan-

tum gravitational spacetime, the extension deficit satisfies:

A(0S)
k(A >
rank(A(S)) > TeNs
where the rank is defined as the logarithm of the number of independent components of

the cokernel.

Proof. Consider the total system R and the observer S C R. The total description func-
tor R assigns to R the full set of descriptions with information content S(R). The Kan
extension from Measgg|s can recover at most exp(Spm(S)) independent descriptions,
where Spy(S) = A(0S)/4Gnh. The cokernel, measuring the surplus in R not accounted
for by the extension, therefore has rank at least S(R) — Spu(S) > A(9S)/4Gnh, where
the last inequality follows from the holographic bound applied to the complement of S.

More precisely: the complement R \ S has degrees of freedom bounded by Spg(R \
S) > A(0S) /4G nh (since 0S = O(R\ S)). These degrees of freedom are entirely inacces-
sible from Meas¢|s, contributing at least A(0S)/4Gnh to the rank of the deficit. [

Corollary 6.3 (Area Scaling of the Deficit). The extension deficit scales with the area
of the observer’s boundary, not with the volume of the observer’s region. This is the
Yoneda-theoretic content of the holographic principle: the information inaccessible to an

embedded observer is controlled by the boundary area, not by the bulk volume.

6.3 Connection to the Ryu—Takayanagi Formula

In the AdS/CFT correspondence [25], the entanglement entropy of a boundary subregion
A is given by the Ryu—Takayanagi formula [26]:

_ Area(ya)
4Gy

Sa
where 74 is the minimal surface in the bulk homologous to A.
Proposition 6.4 (Ryu-Takayanagi as Yoneda Deficit). In the AdS/CFT setting, the

Kan extension deficit for a boundary observer Sy (probing subregion A) satisfies:

Area(va)

rank(A(S4)) = Sa = 1Gn

The Ryu—Takayanagi formula is the holographic realization of the Yoneda extension deficit.

Proof (sketch). In AdS/CFT, the boundary CFT is dual to the bulk gravitational theory.

The boundary observer Sy, with access to subregion A, has an epistemic horizon in the
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bulk bounded by the Ryu-Takayanagi surface v4. The bulk degrees of freedom beyond
74 are in the entanglement wedge of the complement A and are inaccessible to S4. The
Kan extension from S4’s data cannot recover these bulk degrees of freedom, and their

number is precisely Sj4. O]

6.4 Quantum Extremal Surfaces and the Generalized Deficit

The quantum extremal surface (QES) prescription [27] generalizes the Ryu-Takayanagi

formula to include quantum corrections:

Area(7)

e + Sbulk(27>:|

S = minext, [
i
Proposition 6.5 (Generalized Extension Deficit). The generalized extension deficit, in-

cluding bulk quantum corrections, is:

Area(7)

rank(Age, (S)) = min ext, {T
N

5

+ rank(AQ(Zv))}

where Ag(X,) is the purely quantum extension deficit of the bulk fields on the partial
Cauchy surface 3, bounded by .

This result shows that the total Yoneda extension deficit in quantum gravity decom-
poses into a gravitational part (area term) and a quantum part (bulk entanglement),

unified by the QES prescription.

7 Approaches to Quantum Gravity and Their Yoneda

Obstructions

We now examine how specific approaches to quantum gravity encounter the obstructions

identified in sections 4 to 6.

7.1 Loop Quantum Gravity

Loop quantum gravity (LQG) [4, 5] quantizes the gravitational field using holonomy-flux

variables on a graph I' embedded in the spatial manifold.

Proposition 7.1 (LQG Yoneda Obstruction). In LQG, the quantum gravitational mea-
surement category Measg%c’ has objects (I, j.,i,) where I is a graph, j. are spins on

edges, and i, are intertwiners at vertices. The representable functor y(TJe®) s constrained

by:
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(a) Area quantization: The area spectrum A = 87y(% > \/je(je + 1) (with Barbero—
Immirzi parameter ) discretizes the holographic bound, replacing it with a lattice

condition.

(b) Diffeomorphism invariance: The physical Hilbert space Haig is obtained by quo-
tienting by diffeomorphisms, reducing the spin network states to equivalence classes

(s-knots) and hence reducing the representable functor.

(¢c) Hamiltonian constraint: The scalar constraint H|p)) = 0 further restricts the

physical states, contributing to Aguuge-

The area gap in LQG—the smallest non-zero eigenvalue of the area operator—provides
a concrete realization of the Planck resolution limit (theorem 4.2): the minimum dis-
tinguishable area is Ay, = 4\/57?7@%3, below which the representable functor has no

resolution.

7.2 String Theory

String theory [6, 7] provides a perturbative approach to quantum gravity with a natural

UV completion at the string scale /.

Proposition 7.2 (String Theory Yoneda Obstruction). In string theory, the measure-

ment category is enriched by the string spectrum:

(a) T-duality: The identification R < o'/R (where o/ = (%) means that the rep-
resentable functor cannot distinguish sub-stringy distances from super-stringy dis-

tances: yS ) =2 y(So'/R)

0°% vacua, each defining a dis-

(b) Moduli space: The string landscape contains ~ 1
tinct measurement category. The observer’s representable functor is restricted to a

single vacuum, with no morphisms to objects in other vacua.

(¢) Holographic duality: In AdS/CFT realizations, the holographic bound is exact,
and the extension deficit is given by the Ryu—Takayanagi formula (theorem 6.4).

The T-duality obstruction is particularly interesting: it implies that the minimum
resolvable scale in string theory is /5, not /p, and that the representable functor has a

self-dual structure below this scale.

7.3 Asymptotic Safety

The asymptotic safety program [8, 9] seeks a non-perturbative UV fixed point of the

gravitational renormalization group flow.
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Proposition 7.3 (Asymptotic Safety Yoneda Obstruction). In asymptotically safe grav-
ity, the running of Newton’s constant Gy (k) with energy scale k modifies the gravitational

epistemic horizon:

(a) Antiscreening: At high energies, Gn(k) — 0 (antiscreening), which weakens the

Schwarzschild bound and potentially opens the sub-Planckian regime to observation.

(b) Fized point: At the UV fized point k — oo, the effective Newton’s constant G =
limy 0o Gn(K) determines a modified Planck length (5 = \/hGy/c3.

(c) Fractal spacetime: The spectral dimension of spacetime flows from ds = 4 in the
IR to dy = 2 at the UV fized point [/1], modifying the holographic bound.

If asymptotic safety is realized, the gravitational epistemic horizon is softened rather
than eliminated: the modified Planck length ¢} replaces ¢p as the fundamental resolution

limit, but the categorical structure of the Yoneda obstruction persists.

7.4 Causal Set Theory

Causal set theory [10, 11] posits that spacetime is fundamentally a discrete partial order

(causal set) at the Planck scale.

Proposition 7.4 (Causal Set Yoneda Obstruction). In causal set theory, the measure-
ment category has objects that are finite causal sets (causets) (C,=) with fundamental

. —4,
discreteness p ~ (5"

(a) Discreteness: The representable functor on a causet of N elements has at most
2N components, providing a sharp information-theoretic bound.

(b) Hauptvermutung: The “causal set Hauptvermutung” (that the causal structure de-
termines the geometry) implies that the representable functor of a causet determines

the approximate continuum geometry, up to conformal factor.

(¢) Non-locality: Causal set dynamics (the Benincasa—Dowker action [42]) is non-
local, meaning that morphisms in Measg%T do not respect a strict locality condition,

altering the structure of the Kan extension.

7.5 Comparative Summary

The key observation from table 1 is that all four approaches encounter all three ob-
structions, though in different guises. This universality supports the conjecture that the
Yoneda obstructions are structural features of any consistent quantum theory of gravity,

not artifacts of a particular approach.
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Table 1: Yoneda obstructions across quantum gravity approaches

Approach Grav. Horizon Gauge Obstr. Holo. Bound
Loop QG Area gap Diffeo 4+ Hamiltonian Area quantized
String Theory {5 scale T-duality + moduli ~ Exact (AdS/CFT)
Asymptotic Safety Softened RG flow Modified (ds = 2)
Causal Sets Discreteness Causal automorphisms 2V bound

8 Concrete Observational Scenarios

We now analyze specific observational scenarios, computing the Yoneda extension deficit

in each case.

8.1 Gravitational Wave Detection at High Frequencies

Gravitational wave detectors (LIGO, Virgo, LISA) probe the classical gravitational wave
spectrum. Quantum gravitational corrections to the gravitational wave signal are ex-

pected at frequencies f ~ c¢/{p ~ 10% Hz, far beyond the sensitivity of any detector.

Proposition 8.1 (Gravitational Wave Deficit). For a gravitational wave detector of char-
acteristic size L and energy sensitivity Foi,, the extension deficit for quantum gravita-

tional corrections to the wave signal satisfies:

rank(Agw(S)) > log, (%) + log, (EEP >

For LIGO (L ~ 4 km, Ewin ~ 10729 J), this gives rank(A) > 240, indicating that ~ 240

independent bits of quantum gravitational information are inaccessible.

8.2 CMB Observations and Trans-Planckian Modes

The cosmic microwave background (CMB) contains information about the very early

universe, potentially including modes that were trans-Planckian at early times.

Proposition 8.2 (CMB Trans-Planckian Deficit). For CMB observations probing angu-
lar multipole 0, the trans-Planckian modes that have been redshifted into the observable

band contribute an extension deficit:
rank(ATP (S)) > Nmodes : Sscrambling

where Npodes @S the number of modes that were trans-Planckian at the onset of inflation

and Sscrambling Mmeasures the information loss during the trans-Planckian phase.
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The trans-Planckian censorship conjecture [21] can be reformulated as the statement
that Sscrambling 18 maximal: all information about the trans-Planckian phase is completely

scrambled, contributing maximally to the deficit.

8.3 Tabletop Quantum Gravity Experiments

Recent proposals [15, 16] aim to detect the quantum nature of gravity through entangle-

ment generation between two massive objects.

Proposition 8.3 (Tabletop Experiment Deficit). In a Bose-Marletto—Vedral (BMV)
experiment with masses m separated by distance d, the Yoneda extension deficit for the

gravitational entanglement witness 1s:
rank(Apmy(S)) =0 (if entanglement is detected)

That s, the detection of gravitationally-induced entanglement does not violate the Yoneda
Constraint—it falls within the accessible subcategory Measgg|s because the experiment
probes the quantum nature of gravity (which creates new morphisms in Measge ) without

probing the Planck scale (which is beyond the epistemic horizon).

This result is important: the Yoneda obstructions do not prevent all quantum grav-
ity observations, only those that would probe beyond the gravitational epistemic hori-
zon. Low-energy quantum gravitational effects (gravitational entanglement, graviton

exchange) remain within the accessible subcategory.

8.4 Hawking Radiation Detection

The detection of Hawking radiation from astrophysical black holes or analog systems

probes the interface between quantum mechanics and gravity.

Proposition 8.4 (Hawking Radiation Deficit). For an observer detecting Hawking radi-

ation from a black hole of mass M, the extension deficit decomposes as:
A(8> - Athermal + Ascmmbling

where Aghermal arises from the thermal character of the radiation (information loss due
to the mized state) and Agerampiing arises from the scrambling dynamics of the black hole
interior. The total deficit satisfies rank(A) < Spy = Ap/4GNh, with equality at the

Page time.
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9 Higher-Categorical Extensions

The 2-categorical structure of Measgq 2 suggests that the full categorical framework for

quantum gravity may require higher categories.

9.1 The (o0, 1)-Category of Spacetimes

Conjecture 9.1 ((0o, 1)-Categorical Measurement Structure). The appropriate measure-

b mn which:

ment category for quantum gravity is an (0o, 1)-category Measgg’
(a) Objects are spacetime-matter configurations,
(b) 1-morphisms are quantum channels,

(c) 2-morphisms are diffeomorphisms,

(d) n-morphisms (n > 3) encode higher gauge symmetries and homotopies between

diffeomorphisms.

The (00, 1)-Yoneda lemma [38] then provides the appropriate version of the Yoneda Con-

straint, incorporating all higher gauge data.

9.2 Extended TQFTs and the Cobordism Hypothesis

The cobordism hypothesis [39, 40| states that fully extended topological quantum field
theories (TQFTs) are classified by fully dualizable objects in the target (oo, n)-category.

This connects to our framework:

Proposition 9.2 (TQFT Measurement Functor). A fully extended TQFT Z : Cob,, — C
defines a measurement functor from the cobordism category to the target category. The
Yoneda Constraint, applied to Z, states that the observer’s knowledge of the TQFT is

determined by the representable functor evaluated on cobordisms accessible to the observer.

In the context of quantum gravity, topological invariants of spacetime are precisely the
observables that survive the diffeomorphism quotient. The TQFT measurement functor

captures the gauge-invariant content of the observer’s knowledge.

9.3 The Homotopy Type of the Deficit

Conjecture 9.3 (Homotopical Extension Deficit). In the (0o, 1)-categorical setting, the
extension deficit A(S) has a natural homotopy type. The homotopy groups m,(A(S))

encode:

(a) mo: The set of connected components (independent inaccessible sectors),
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(b) w1 : The gauge loops (diffeomorphism orbits of inaccessible configurations),

(¢c) m, (n >2): Higher gauge data.

10 Composition of Obstructions

The three obstructions identified in Sections 4-6 are independent but compose. We now

analyze their joint structure.

10.1 The Total Deficit Decomposition

Theorem 10.1 (Total Extension Deficit in Quantum Gravity). For an observer S in a

quantum gravitational spacetime, the total extension deficit decomposes as:
AQG(S) = AQ (8) + Agmv (S> + Agauge(s) + Aholo<8>

where:

(1) Ag(S) is the quantum entanglement contribution (von Neumann entropy),
(11) Agray(S) is the gravitational horizon contribution (black hole formation),
(111) Agange(S) is the diffeomorphism gauge contribution,

(1v) Anoo(S) is the holographic saturation contribution.

These contributions are not fully independent: the holographic bound constrains the sum
Ag + Agray + Agange < A(0S)/AG N

Proof. Each contribution arises from a distinct structural feature of Measgg: Ag from
the quantum tensor product structure, Ag,, from the energy-dependent truncation,
Agauge from the diffeomorphism quotient, and Ay, from the Bekenstein-Hawking bound.
The additivity is an approximation valid when the contributions are supported on inde-
pendent sectors of the measurement category. In the high-energy regime (F 2 FEp),
the gravitational backreaction and gauge constraints are coupled through the Einstein
equations, producing non-linear interference terms: Agyay ® Agauge may have non-trivial
interaction components that modify the simple sum. The holographic constraint Ag +
Agray + Agange < Apolo from theorem 6.2 provides the overall bound regardless of such

interactions. [l

10.2 The Planck Regime: All Obstructions Saturated

Corollary 10.2 (Planck Saturation). At the Planck scale (L ~ {p, E ~ Ep), all three

obstructions are simultaneously saturated:
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(i) The gravitational horizon is reached (rs ~ L),
(ii) The diffeomorphism group has mazximal effect (quantum foam),
(iii) The holographic bound is tight (Spy ~ 1 for a Planck-area surface).

The total extension deficit at the Planck scale is:
rank(Apa™(S)) ~ O(1)

That is, the observer retains only O(1) bits of information about Planck-scale physics.
This is the mazimum possible ignorance consistent with the observer having any access

at all.

10.3 The Hierarchy of Scales

The obstructions activate at different scales, creating a hierarchy:

(1) Classical regime (L > (p, E < Ep): No gravitational obstructions. The Yoneda

Constraint reduces to the quantum case ([1]).

(2) Semiclassical regime (L 2 (p, E < Ep): The gravitational horizon begins to
affect the accessible subcategory. The holographic bound becomes relevant for
regions approaching Planckian area. The extension deficit acquires gravitational

corrections.

(3) Planck regime (L ~ (p, E ~ Ep): All obstructions are saturated. The repre-
sentable functor retains only topological and large-scale features; all fine-grained

Planck-scale structure is beyond the epistemic horizon.

(4) Trans-Planckian regime (L < (p, E > Ep): The representable functor has
no non-trivial components (by theorem 4.5). Physics at this scale is categorically

inaccessible.

11 Philosophical Implications

11.1 Structural Realism and Quantum Gravity

The Yoneda obstructions support a form of structural realism [43] about quantum gravity:
while the fundamental theory may have definite structure, our access to that structure
is inherently limited by our position as embedded observers. The limitations are not

practical (insufficient technology) but structural (categorical obstructions).
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Remark 11.1 (Structural Perspectivism in Quantum Gravity). The Yoneda Constraint
in Measg yields a gravitational version of structural perspectivism (|2]): the observer’s
knowledge of quantum gravitational reality is genuine but perspectival, bounded by the
gravitational epistemic horizon, reduced by the diffeomorphism quotient, and saturated
by the holographic bound. These are not failures of observation but structural features

of embedded observation in a diffeomorphism-invariant quantum theory of gravity.

11.2 The Observability of Quantum Gravity

The obstructions identified in this paper do not imply that quantum gravity is unobserv-

able. Rather, they establish what can and cannot be observed:

(i) Observable: Low-energy quantum gravitational effects (gravitational entangle-
ment, gravitational decoherence, graviton exchange in principle). These lie within

the accessible subcategory.

(ii) Partially observable: Semiclassical effects near the Planck scale (black hole ther-
modynamics, Hawking radiation spectrum, quantum corrections to classical grav-

ity). These lie on the epistemic boundary Js.

(iii) Unobservable: Trans-Planckian physics, the detailed structure of quantum space-
time at £p, the specific quantum state of the gravitational field at the Planck scale.

These lie beyond the gravitational epistemic horizon.

11.3 Implications for the “Theory of Everything”

The Yoneda obstructions have implications for the possibility of a “theory of everything”

(ToE) in quantum gravity:

Proposition 11.2 (Incompleteness of Any Internally Formulated ToE). No theory for-
mulated by an embedded observer can simultaneously provide a complete description of
quantum gravitational physics at all scales, be fully self-inclusive, and be empirically ver-
ifiable. The extension deficit A(S) > 0 for any S C R ensures that there always exists

physical content beyond the observer’s reach.

However, this does not preclude a “final theory” in the sense of an internal final
theory [2]: a theory that is maximally accurate on the accessible subcategory, maximally
predictive, and not improvable by any refinement. Such a theory would be the best

possible map of quantum gravitational reality from within.
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12 Discussion and Open Questions

12.1 Emergent Spacetime and the Pre-Geometric Measurement

Category

If spacetime is emergent, the measurement category Measg should itself emerge from
a more fundamental pre-geometric measurement category Meas,,., whose objects are
not spacetime regions but more primitive structures (spin networks, causal sets, tensor
networks, etc.). The Yoneda Constraint in Meas,,. would impose even more fundamental

limits on observation, prior to the emergence of spacetime concepts like area and volume.

Conjecture 12.1 (Pre-Geometric Yoneda Constraint). In the pre-geometric measure-
ment category Measy., the extension deficit Ape(S) is more severe than Aga(S), re-
flecting the additional information loss in the emergence of spacetime from pre-geometric
data. The holographic bound A(OS) /4G yh is a consequence of the pre-geometric deficit,

not a fundamental input.

12.2 Quantum Error Correction and Subregion Duality

The connection between quantum gravity and quantum error correction [35-37| suggests
that the Yoneda Constraint may be related to the error-correcting properties of the

holographic code.

Conjecture 12.2 (Error Correction as Kan Extension). In the holographic error-correcting
code, the Kan extension Lan;(® o J) corresponds to the reconstruction of bulk operators
from boundary data. The extension deficit A(S) measures the portion of the bulk that
1s not in the entanglement wedge of the boundary region S and hence cannot be recon-

structed.

12.3 Swampland Program

The Swampland program |44, 45| identifies constraints that any consistent quantum grav-
ity theory must satisfy (e.g., the weak gravity conjecture, the distance conjecture, the
de Sitter conjecture). The Yoneda Constraint may provide a categorical framework for

understanding these constraints.

Conjecture 12.3 (Swampland as Yoneda Constraint). The Swampland constraints are
consequences of the Yoneda Constraint applied to Measgq: effective field theories that
wolate the Swampland bounds correspond to measurement categories with inconsistent
representable functors (e.g., functors that would require the extension deficit to vanish

when it cannot).
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12.4 Open Questions

(1)

(2)

(3)

(4)

(5)

(6)

13

Explicit computations. Can the extension deficit Ag(S) be computed explicitly
in simple quantum gravity models (e.g., 2+1 gravity, Jackiw—Teitelboim gravity)?

Phenomenological signatures. Are there observable consequences of the Yoneda

obstructions that could distinguish them from ordinary decoherence effects?

Operational formulation. Can the Yoneda Constraint be reformulated in oper-

ationally accessible terms, without reference to the full measurement category?

Thermodynamics. What is the relationship between the extension deficit and

the generalized second law of black hole thermodynamics?

Cosmology. How do the Yoneda obstructions constrain the observable conse-
quences of quantum gravity in cosmology (primordial gravitational waves, primor-

dial power spectrum, bouncing cosmologies)?

Category of categories. Is there a meta-categorical perspective in which the
various quantum gravity measurement categories (Measg%G, Measzggng, etc.) are
objects in a higher category, with the Yoneda Constraint providing morphisms

between them?

Conclusion

We have applied the Yoneda Constraint on Observer Knowledge to the problem of quan-

tum

gravity observation, constructing the quantum gravitational measurement category

Measgq and identifying three independent obstructions to Planck-scale observation.

The key results are:

(1)

(2)

(3)

The Gravitational Epistemic Horizon (section 4): Black hole formation at the
Schwarzschild threshold truncates the accessible subcategory, imposing a resolution
limit at dz > 2¢p and contributing Ay, (S) > Spy to the extension deficit.

The Diffeomorphism Gauge Obstruction (section 5): Background indepen-
dence forces the representable functor into diffeomorphism equivalence classes, re-
ducing its resolving power. The problem of observables and the problem of time are

structural features of this obstruction.

The Holographic Saturation Bound (section 6): The Bekenstein-Hawking en-
tropy bounds the extension deficit: rank(A(S)) > A(0S)/4Gnyh. In AdS/CFT,
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the Ryu-Takayanagi formula is the holographic realization of the Yoneda extension

deficit.

(4) Universality across approaches (section 7): All four major approaches to quan-
tum gravity (LQG, string theory, asymptotic safety, causal sets) encounter all three
obstructions, supporting the conjecture that these are structural features of any

consistent quantum theory of gravity.

(5) Selective observability (section 8): The obstructions do not prevent all quan-
tum gravity observations. Low-energy quantum gravitational effects (gravitational
entanglement, gravitational decoherence) remain within the accessible subcategory,
while Planck-scale and trans-Planckian physics lies beyond the gravitational epis-

temic horizon.

These results establish that quantum gravity observation is subject to principled
categorical limits that are not artifacts of any particular theoretical framework but
structural consequences of the Yoneda Constraint applied to embedded observers in a
diffeomorphism-invariant quantum theory of gravity. The limits are not failures of ob-
servation but features of the categorical structure of physical knowledge at the most

fundamental scale.
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A Categorical Definitions for Quantum Gravity

The cobordism category. The cobordism category Cob,, has (n — 1)-dimensional
closed manifolds as objects and n-dimensional cobordisms as morphisms. In quantum
gravity, Coby (or its Lorentzian variant Cobs;) provides the topological sector of the

measurement category.
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Diffeomorphism groupoid. The diffeomorphism groupoid Diff (M) has points of M
as objects and germs of diffeomorphisms as morphisms. The action of Diff(M) on

Meas(: encodes the gauge structure.

Spin network category. In LQG, the spin network category has spin networks (I', je, i,)

as objects and graph morphisms compatible with the spin and intertwiner data as mor-

phisms. This provides the combinatorial backbone of Measg%G.

B Entropy Calculations

B.1 Bekenstein-Hawking Entropy for Schwarzschild Black Holes
For a Schwarzschild black hole of mass M:

o AH o 471'(2GNM/C2)2 - 47TGNM2
N 4GNFL N 4GN7”_L N FLC4

SBH

The number of independent hidden degrees of freedom is e2#, under the assumption
that the black hole Hilbert space is finite-dimensional with dim Hpzy = e°3#. This
assumption is standard in the holographic context [25] and is supported by the finiteness
of the Bekenstein—-Hawking entropy, but it remains a non-trivial physical input that
would need modification in approaches where the black hole Hilbert space is infinite-
dimensional (e.g., certain formulations of loop quantum gravity where the micro-state

counting diverges without an appropriate regularization).

B.2 Ryu-Takayanagi Entropy in AdS;/CFT,

For a boundary interval of length ¢ in AdS; with AdS radius Lags:

14
Sa = glog(g>

where c is the central charge and ¢ is the UV cutoff. The extension deficit for a boundary

observer probing interval A is:

rank(A(S4)) = glog(é) _ ArZZ(J:A)
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C Detailed Proofs

C.1 Proof of theorem 3.3

Proof. In Measg, the objects are pairs (S, ps) and the morphisms are CPTP maps. The
accessible subcategory Measg|s has |Ob(Measg|s)| = {p € B(Hs) : p > 0,Trp = 1}|
(all density matrices on Hg).

In Meas, the objects are triples (S, gs, ps) and the morphisms must be diffeomorphism-
compatible. Two effects reduce the accessible subcategory:

1. Diffeomorphism quotient: Objects (S, g, p) and (S, ¢*g, ¢*p) are identified for
¢ € Diff(S). This reduces the number of distinct objects by a factor related to the volume
of Diff(S).

2. Energy constraint: Objects with F(p) > ¢'L(S)/2G y are excluded (black hole
formation). This removes a portion of the state space that grows with energy.

Both effects strictly reduce |Ob(Measg¢|s)| relative to |Ob(Measg|s)|. O
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